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Xennetlh J. Arrow end Maur-ice MeManus

>
k. Introduction

1]

Iz s recent lseue of IZccucmetrice, 1.C. Znthover snd X.J. Arrovw (1] ar

irterested ‘r the following methematical problem. Tet o(A) te tze lasrgest
of the real parts of the charscteristic roots of the real, scare mstrix 4.
Trer ~ 1is said <o be stadle if 2nd cnly 12 9(A) <0 . Now if A is stable,
iz what circumsterces is D1A stable, where [ is diagonal? Treir theorem is
thet {f A has -on-regztive off-disgonal elements, this teing = generzlized
version of the type examined ty L.A. Metzler (2] , tcen L[A is stable 12

and only if the diagonal elements of D =zre ell positive. The purpose of

this note is to exsmire the ssme vroblem for certair other clssses c? mmtrices.

The importance of the results Lo ecomamic dynemics is discussed =% the end c.

tke paper.

2. Three Theorems on Stsbility.

Some preliminsry remerks =nd lemmms will fzcilitste the lzter discussicno.

femarks: A reel, square metrix M is celled negative (resp. positiwve)
quasi-definite if and only if 1'Mh y is negetive (resp. positire} for every
rezl, non-oull colum vector 1z ?_1/; definiteness is the specizl cese of guasi-

definiteness where M is symmetric; if M is negative (resp. positive) guasi-

L

A prime sfter a vector or mmtrix denctes its treanspose.

’.

1

See P.A. Semuelson [6], p. 1kC.
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v
lk = z'M 1 M'M "k = 5'M'h = 2'M0,

1

definite, so ‘s its inverse, for ' M

vhere 1 = M'lk ; the inverse of & non-singular sy=metric amatrix S (s 2lso

symmetric, since S - =S1I' =57 (s7s)r = 5715 gtz

Lemma 1: Any real symmetric matrix S can be transformed by a real

orthogonal matrix P 1into a diagonal matrix D = P'SP . The diagonal

elements of D are the characteristic roots of S ; they are real, and

they are all positive (resp. negative) if and only if S is positive

(resp. negative) definite.

Lemma 2: A negative quasi-definite matrix is stable. The proof of

the first lemma is well-known. The second follows directly from the remarks

and Equation (2) below with S =1 .

We are nov in a position to state and prove

Theorem 1: If S 1is symmet- - and A is negative quasi-definite and

8o stable, the SA is stable 1. .. only if S 1is positive definite. The

proof turns upon

Lemma 3: If M 1is negative quasi-definite and S is non-singular and

symmetric then no characteristic root of SM has a zero real part.

Proof of Lemma 3: For any characteristic root A , there exists a non-

null vector x such that SMx = Ax . Pre-multiply both sides by x' g7t :

where x denotes the conjugate of x :
(1) x' S SMx = x'Mx =X X' S x

Write x =y +1i2, AN =a + 1B, vhere y, z, a and B8 are all real.



Zqueting real par:s of (1):

-1 :
y' My sz M =aly'S Ty ez2'5 L 3y ,

—
ny
~

for, by the remarks, the real coe’ficient of & s zero. 2y Lypothesis the

left 2and side of (2) is negative and 80 a # G .

ProoZ of the Theorem: If S is singular it is not definite snd 35A s

singular; hence SA - A I/ =0 fur A =0 . Therefcre, the theorem is
satisfied if (S| =0 . Now =ssume that 5 1is not singular. If it i{s posi-
tive definite it follows from (2) that @ <0 . This proves the sufficiency
part of the theorem, though both perts are simultanecusly deduced in wvhat

follows. Define:
At = (1 -t)aA -tI , oOo<t<l .

A(t) 1is negative quasi-definite for ell + simce &' A(t)a = (1 - )k’ AL -
- th'a < 0 because A 1is negetive juasi-definite. Hence, by Lemms 3 ,
plSA(t)] 4 0 ®or all t . By continuity, therefore, o[SA(t)] is either

positive for all t or else negetive for all t . In perticuler,
plSAa(0)] <0 if =nd only if pfSa(l)]l <0 .

But A(0) = A end A(l) = - I . Hence, the charscteristic roots of 3SA(l1)
are those of - S . By Lemme 1 they are sll resl snd are 2ll negetive If =nd
only if S 1is positive definite. Thus o@(SA), i.e., @{SA(0)] , is negative

if and only if S5 1is positive defimnite.
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The sufficiency part of Theorem 1 wvas stated by Samuelson [6) p. 275 &,

Corollary: If A 1is negative (quasi-) definits and D is diagonal, DA

is stable if and only if the diagonal elements of D are all positive.

Proof: Let D be the S matrix of Theorem 1 . The diagonal elements
must be positive for it to be positive definite. The corollary is the counter-
part of the Enthoven-Arrow Theorem, proved for the negative (quasi-) definite
type of stable matrix instead of a Metzler type.

A useful"extension of the Enthoven-Arrow Theorem and the corollary of

Theorem 1 above is provided by

. Theorem 2: Let D be diagonal and let A have “the following properties:

it is stable, and DA is stable if and only if the d4d,, , the diagonal elements

ii
of D, are all positive. Let C = EAEl where E 1is any non-singular disgonal

matrix. Then C 1is stable and DC 1is stable if and only if dii >0 for

all 1 .

The proof makes use of

Lemma 4: Any matrix B is stable if and only if F = GBG-l is stable for

all non-singular G .

Proof: B and GBG'l are similar matrices, having the same characteristic

roots.

i/Actually he claims ti:at, in terms of our notation, if A is negative quasi-
definite then it is sufficient for the stability of, say, HA that H-l (and
s0, by the remarks, H) be only positive quasi-definite. This, however, goes a
little too far as the following counter-example shows. Let H = [_i i] and
A s [‘; :i] Then BHA = [ ;35 'g] is unstable, although H 1is positive
quasi-definite and A negative quasi-definite.
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Froof of Theorem 2: If & is stadle, thezs [ = EAE " (s stable, by

1

lesma 4 . Now IC = DEAE " = s(s;.)z'l siuce dlagonal matrices ere commutative
{n multiplication. Hence, by Lemma 4 , DC is stable !f and only {f DA (s,

that (s, {f and only (f d‘i >0 for all 1

Coroliary: Let C be such that, for some diagonal matrix E , A = E " CE

is either negative (quasi-) definite or has all off-diagonal elements non-

negative and is stable. Then DC is stable if and only if every dii is

positive.
Proof: By the corollery of Theorem 1 and the Enthoven-Arrow Theorem
(as the case may be) the matrix A of the corollsry has the properties
stipulated for A 1in Theorem 2 . '
Theorem 2 is important because if A is Metzlerisan, or sy;mtric, or
quasi-definite, EAE™! « C need be none of these.

A more general result covering this sort of prublem is

Theorem 3: Given C and a symmetric matrix S, let » ‘e an orthogonal

matrix (whose existence is guaraﬁteed by Lemma 1) such that P'SP = D, vhere D

ig diegonal, and define C = P'CP . For some diegonal E , let A = ! G -

E-l P'CPE satisfy the conditions specified for A 1in Theorem 2 ; for instance,

A may be Metzlerian and stable or negative quasi-definite. Then SC is stable

if and only if S 1is positive definite.

Proof: By Theorem 2, DC is stable if and only if &ll the d11 are
positive. But, since P 1is orthogonal, DC = P'SPP'CP = Pl SCP . Thus the
roots of DC and SC are the same by dint of Lemma 4 . Moreover, by Lemma 1 ,
D 1is positive definite if and only if S 1is. It follows that SC 1is steble

if and only if S 1is positive definite.
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The previous results are all special cases of Theorez 2 . The EZnthoven-

Arrow Theorem has S =D, P =E =1 ; putting S =D yilelds Theorem 2 ;

finally, since P'CP 1s negative quasi-definite 1f and only if C 18~/ 5

Theorem 1 follows if E =1 On the other hand, the other theorems do not

cover those cases where S # D and either A 1s Metzlerian or, if A is

negative quasi-definite, E # I .

3. Economic Application.

The Enthoven-Arrow dynamic general equilibrium system can be written as
3 o] f o £ G
(3) P=Kx; x=Q(p-p) +B(p'-p); p =p+1qp

Here p 1is the column vector of all the other prices in terms of the numéraire,

the dot represents differentiation with respect to time, the superscript "o"

denotes "equilibrium" levels and pf is the vector of expected future relative

prices, whilst x 1is the vector of the corresponding excess-demands. K is

the matrix of speeds of adjustment of prices to excess-demands, Q = (dx/dp')" ,
1

B = (dx/dpf )° and n is the matrix of extrapolative price-expectational

coefficients. In the original model, K, B and n are all diagonal matricee.

Eliminating x and pf , (3) yields the set of linear differential equations,

() p=(I-%xBy)tK(Q+B8)( -1

E/ Cf. Samuelscn [6] pp. 140-1 .

g e et ot L e A G, AR o i
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Inthoven and Arrow (1] Rave J end A refer 1o (I - K':”sq)’l ol

K(3 + B) , respectively. It will zow be more ccnvezient, however, O revrite

(L) as

(5) p=(kt.3)t (@ +B)p - 2O

and let D (or S ) refer to (K-l - Bq)cl and A (or C)to (R +B).
The Semuelsonian expectationless model is & speciel case with n = O . Tenote
the elements of matrices by the corresponding small letters with sppropriste
rov and column suffixes. Then the corollary to Theorem 2 tells us that if
E'l(Q + B)E :Is either negative (quasi-) definite or Metzlerian and stsble
for some E (possioly, of course, E = I) , the expectationless system is

gtable if and only if all the k are positive - the usual behavior. More-

ii
over, for the same (Q + B) , the introduction of the expectationsl coefficients

does not upeet stability if and only if l/kii >b;ymy, forall i

Although the same conclusions do not hold for arbitrary stable (3 + B) 2’[,
it is fortunate that some of the types that are covered by the theorems sre of
particular interest ‘to the economist. Q 15 symmetric if income effects are
either absent or else symmetricsl. Alternatively, if the matrix has non-
negative off-disgonal elements, it means that the system contains no "gross

complements"é/ﬂ When all is said and done, however, we must expect to find

3/ For exemple, [-i 'i] is stable, yet [é g] [-i 'i] is unstable

and [3 9 (72 3] is stavle.

&/ The adjective "gross" denotes that income effects sre teken into account.
The phrese is due to J. Mosek [k] .
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in any actual economy substantial, asymmetricel income effects and & goodly

sprinkling of gross complementary. It is desirable, therefore, to try to

viden the classes of matrices about which useful statements about stability
can be made. An important stride in this direction was made by Samuelson (6]
in his consideration of non-symmetric, negative quasi-definite matrices, and

the E transformation prcvides a way of generating further types out of the

two or three basic ones. If, for example, A 18 Metzlerian and the elements

of E aire of mixed signs, then EAE’l is of that general class which Las

been examined in detail by M. Morishima [3] .

An additional interest in Theorems 1 and 3 lies in the fact that S need

not be diagonal, only symmetric. This has an application in terms of the above

model. The speed of price adjustment in any one market may depend upon the
excess-demands in other markets as well as in its own, as has been argued
cogently by D. Patinkin [5] p. 157 ; it is quite feasible that some excess-
demands partly depend upon expected prices in other markets; it may even be
that expected prices are influenced by what is happening to several different

-1 -1 iy
current prices. Any combination of these makes (I - KB y) or (K -Bn)

non-diagonal in general.

Samuelson [6] pp. 274-5 subjects the original variables, p and x , to s

contragredient transformation p = c¢'p ; X = cX . The system (5) becomes

(6) peckl .z lecl@ene™ G-5°)

The transformetion of Lemma 1 as used in Theorem 3 is a special case vhere ~C

is the orthogonal P . Using this interpretation, SC and DC would refer to

the same economic system, but one in which two different definitions of what

constitute.the given number of commodities are considered.

1
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